The migration of a bubble inside a two-dimensional converging-diverging channel is numerically studied using a finite volume flow approach. A parametric study is conducted to investigate the effects of the Reynolds and Weber numbers, and the amplitude of the converging-diverging channel.
I. INTRODUCTION
The bubble dynamics moving through channels and pipes have been the subject of numerous experimental, theoretical and numerical studies due to their relevance to a number of applications, ranging from microscale to macroscale flows, such as mixing in microfluidics, biological applications, chemical reactors, etc. [1] [2] [3] . In microscale flows, surface-tension force is dominant over gravitational force, but in large-scale systems, gravity plays a significant role. Thus, several researchers studied the motion of bubbles and drops due to buoyancy in vertical channels and pipes [4] as well as in unbounded domains [5, 6] . At smaller scales, spatially varying walls are frequently encountered, and play a vital role in the resultant flow dynamics [7, 8] . First, the studies of flows associated with spatially varying geometries, which have received considerable attention in the recent past, mainly, in the context of small-scale flows are briefly discussed below.
Many researchers (see e.g., [9] [10] [11] [12] ) have investigated flow through converging-diverging channels by conducting numerical simulations, experiments and linear stability analysis.
The main emphasis of these studies has been on the enhancement of mixing, heat and mass transfer rates in small-scale devices (which are associated with low flow rates) by introducing spatially varying geometries. Also, flow through corrugated channels increases the residence time of the fluid without having to increase the length of the device [13, 14] .
This helps in designing compact and efficient devices for thermally sensitive substances, such as those encountered in food processing and pharmaceutical industries. Stone & Vanka [15] numerically studied the flow field in a wavy channel and observed enhanced mixing above a certain Reynolds number (Re) after which the separation bubbles distort/divide to form multiple roll-up structures near the walls.
A very few studies experimentally investigated the motion of a single bubble or multiple bubbles inside corrugated channels focusing on the average features of the flow, such as pressure drop and friction factor. Gardeck & Lebouche [16] experimentally measured wall shear stress due to gas-liquid flow in a corrugated channel. Vlasogiannis et al. [17] studied the heat transfer characteristics of a plate heat exchanger, and observed recirculating zones of the liquid phase in the near-wall regions, and the gaseous phase in the centreline region of the pipe. For gas-liquid flow in wavy channels having different phase-differences between the walls (i.e. Φ = 0, π/2 and π), Nilpueng & Wongwises [18] obtained correlations between pressure drop and friction factor. They also found that for Φ = π the recirculation zone is bigger than that observed for Φ = 0 or π/2. Slug flow was observed only for Φ = π (named as symmetrical channel in the present study), which was not seen for other Φ values considered in their study. Although the migration of a single bubble in horizontal channels and pipes has been well studied [19] [20] [21] , to the best of our knowledge, none of them have investigated a single bubble motion in converging-diverging geometries numerically, which is the focus of the present study.
Another objective of the present work is to investigate the Segré-Silberberg effect [22] for bubble migration inside a converging-diverging channel. This phenomenon was first documented by Segré & Silberberg [22] , where a macroscopic rigid sphere moving inside a pipe or a channel, migrates toward the wall. This migration of particle may be attributed to the nonlinear effects, which arise inside a flow for Re > 0. Although the original study was conducted for a rigid sphere, this phenomenon is also applicable to liquid-liquid or gasliquid systems [23] . Since then the Segré-Silberberg effect has been investigated by several researchers for various parameter regimes (see e.g. [24, 25] ). In the present study, the dynamics of a bubble in a converging-diverging channel are studied. Here, it is expected that the wavy motion of the bubble will accentuate due to the Segré-Silberberg effect, which in turn could enhance mixing.
The rest of the paper is organized as follows. The details of the problem formulation are given in section II, and the numerical approach used in the present study is provided in section III. In section IV, a parametric study is conducted, and the effects of various dimensionless numbers on the flow dynamics are discussed. Concluding remarks are given in section V.
II. FORMULATION
The dynamics of an air bubble (designated by fluid 'A') of initial radius r, moving inside a converging-diverging two-dimensional channel, consisting of another fluid (designated by fluid 'B') as shown in Fig. 1 , are investigated numerically using a Volume-of-Fluid (VoF) approach. A Cartesian coordinate system (x, y) with its origin at the center of the channel inlet is used to model the flow, wherein x and y represent the horizontal and vertical directions, respectively. The positions of the sinusoidal top and bottom walls are described by y = R + hsin 2πx λ + Φ , and y = −R + hsin 2πx λ , respectively. Here, h, λ and Φ are the half-amplitude, the wavelength of the converging-diverging portion of the channel, and the phase difference between the walls, respectively. The distance between the walls in the straight section and the radius of the bubble are 2R and r, respectively, such that R/r = 4.
It is expected that increasing R/r will decrease the effect of the converging-diverging geometry. The length of the horizontal section at the inlet is 12r, and initially the bubble is placed at (x, y) = (9r, 0). The total length of the channel is considered to be 78r, and λ = 8r.
Both the fluids are considered to be incompressible and Newtonian. The gravitational force is assumed to be very small as compared to the inertial force, thus the former is neglected in the present study. This is a valid approximation for the flows inside a channel of height of the order of a millimetre. The viscosity and density of fluids A and B are µ A , ρ A and µ B , ρ B , respectively.
The governing equations of the problem are:
where u(u, v) represents the velocity field, wherein u and v are the components of velocity in the horizontal and vertical directions, respectively; p denotes the pressure field; c is the volume fraction of fluid B, whose values are 0 and 1 in the air and the liquid phases, respectively; δ is the Dirac delta function, whose value is one at the interface and zero in the rest of the domain; κ = ∇ · n is the curvature, wherein n is the unit normal to the interface pointing towards fluid B, and σ is the interfacial tension coefficient of the liquidgas interface. The surface tension force is included in Eq. (2) using continuum surface force formulation [26] .
The density, ρ and viscosity, µ are calculated as volume averaged quantities as follows:
The following scaling is employed in order to render the governing equations dimensionless:
where tildes designate the dimensionless quantities, and V is the velocity of the fluid injected at the channel inlet, given by V ≡ Q/2R, where Q is the volume flow rate at the inlet; the value of Q is taken to be one in the present study. After dropping tildes from all the non-dimensional terms, the governing dimensionless equations are given by
where Re(≡ ρ B V R/µ B ) and W e(≡ ρ B RV 2 /σ) denote the Reynolds number and the Weber number, respectively. The dimensionless viscosity and density are given by:
where ρ r (≡ ρ A /ρ B ) and µ r (≡ µ A /µ B ) are the density ratio and the viscosity ratio, respectively.
III. NUMERICAL METHOD AND VALIDATION
An open-source finite-volume fluid flow solver, Gerris [27] is used to simulate the dynamics of bubble motion in a converging-diverging symmetrical channel (Φ = π). In the present study, the density and the viscosity ratios are fixed at ρ r = 10 −3 and µ r = 10 −2 , respectively, which correspond to the air-water system. Numerically it is difficult to handle such high values of ρ r and µ r , and is known to create spurious currents at the interface separating the fluids. Gerris minimizes this problem by using a balanced-force continuum surface force formulation [26] for the calculation of surface tension. In addition, due to the curvature at the walls very large number of grids are required to resolve the boundary layer. The adaptive refinement feature of the Gerris is very useful for this purpose. In the present study, the near-wall and the central regions are refined separately. For the near-wall regions, stationary uniform grid sizes are used, whereas adaptive grid refinement based on vorticity magnitude and position of the interface separating the fluids is implemented for the fluid region.
The present code has been validated extensively by simulating several interfacial flow problems. The reader is also referred to Tripathi et al. [4] [5] [6] , wherein extensive validations of the present code have been reported. It is ensured that the grid convergence is indeed
achieved upon mesh refinement (the maximum deviation in bubble shape is within 0.01% of the radius of bubble), which is shown in Fig. 2 for W e = 10 and 25. The rest of the parameter values are ρ r = 10 −3 , µ r = 10 −2 and Re = 100. Thus, in order to generate the rest of the results presented in this paper, the grid − 1 for which the smallest grid sizes at the near-wall and the fluid regions are 0.031 and 0.015, respectively, is used.
The influence of various dimensionless numbers, such as the Reynolds number (Re), the Weber number (W e), and the half-amplitude of the converging-diverging channel (h) is discussed below.
IV. RESULTS AND DISCUSSION
The presentation of our results is begun by investigating the effects of Reynolds number Re takes the bubble away from the centreline, which is consistent with the literature [24] , however the corrugations do not allow for an equilibrium vertical location, as expected by Segré and Silberberg [22] for straight pipes.
It can be seen that the bubble moves along the centreline of the channel at the early times and then undergoes an oscillatory motion as it migrates towards the bottom wall.
The amplitude of oscillation increases as the bubble translates in the axial direction. Close inspection of Fig. 3(a) divulges that the starting time of departure of the bubble from the centreline reduces with increasing Re. The vertical velocity component of the center-ofgravity of the bubble shown in Figs. 3(b) also demonstrates this oscillatory behaviour. In Fig. 3(c) , the instantaneous aspect ratio of the bubble is plotted versus time for different values of the Reynolds number. It can be seen that the bubble undergoes a continuous oblate-prolate type deformation, which is periodic at early times (t < 70) for this set of parameter values, but the deformation is more chaotic at later times. Similar dynamics are also observed for W e = 5 as shown in Fig. 4 . It can be seen in Fig. 4(a) that the bubble migrates towards the bottom wall for Re = 100, whereas for Re = 120 and 140, it moves towards the top wall. However, it is to be noted that the path chosen by the bubble is arbitrary, and may be influenced by the initial conditions. As the value of W e considered in Fig. 4 is higher than that in Fig. 3 , the surface tension is less dominant, and the bubble undergoes larger deformation for the cases considered in Fig. 4 as compared to those in Fig.   3 .
In order to get more insight into the dynamics of the bubble, the spatio-temporal evolution of horizontal and vertical components of velocity are plotted in Figs. 5 and 6 for Re = 70
and W e = 1, and Re = 120 and W e = 5, respectively. It can be seen in Next, the effect of the half-amplitude, h of the converging-diverging symmetrical channel (Φ = π) is investigated in Fig. 7 for two typical sets of Reynolds and Weber numbers.
It is to be noted that h = 0 case corresponds to bubble motion inside a straight channel. and µ r = 10 −2 . It can be seen that the amplitude of oscillation of the center-of-gravity of the bubble is more in case of asymmetrical channel with Φ = 0. The oscillations observed in these channels are due to the Segré-Silberberg effect as well as the asymmetrical nature of the channels for Φ = π and π/2. The larger deformation of the bubble shown in Fig. 8(b) for Φ = π can be attributed to the presence of bigger recirculation zones inside the channel with Φ = π as compared to those for channels with Φ = 0 and π/2.
V. CONCLUDING REMARKS
The dynamics of bubble motion through converging-diverging channels having different phase differences between the top and the bottom walls are studied using an open-source finite volume flow solver, Gerris. A parametric study is conducted, and the effects of various dimensionless parameters, such as the Reynolds number, Weber number, and amplitude of the converging-diverging channels are investigated. It is found that increasing Re and h increases the amplitude of oscillation of the bubble migrating inside the channels. The oscillation of the shape of the bubble and the complex path followed by the bubble can lead to more mixing, which is desirable in many applications involving small-scale flows. 
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